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Intro

Introduction

deep connection between p-adic cohomology and THH
(Hesselholt-Madsen, Bhatt-Morrow-Scholze, many others)

for most of human history: THH studied via genuine equivariant
homotopy theory

Nikolaus-Scholze 2017: reformulate cyclotomic spectra in terms of
naive homotopy theory

my research programme: put genuine equivariance back in
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Intro

Why genuine equivariance?

7T*XG — 7T*XhG

is generally a kind of decompletion ; used for this purpose in
upcoming work of Devalapurkar-Hahn-Raksit-Yuan

But, we can do much more.
e RO(G)-graded homotopy
e Tambara functors (multiplicative norm maps)
@ equivariant slice filtration (after Hill-Hopkins-Ravenel)

overarching goal since 2018: modify Bhatt-Morrow-Scholze
construction to use slice filtration on TC™ and TP instead of
Postnikov filtration

this is now doable!
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Intro

Goals today

compute TC, (S;Zp) and TP (S; Z,) when S is quasiregular
semiperfectoid

compute (a large portion of) TR (S;Z,) when S is smooth
over a perfectoid ring

main application: extend Angeltveit's norm map of Witt
vectors to the de Rham-Witt complex

General takeaways

canonical identifications instead of generators and relations

index representations by {dim a/}; < instead of their
irreducible decomposition

negative indexing to avoid casework

spectral sequence W*((Xq’H)hG/H) = TaX©
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Intro

Related papers

@ Angeltveit, The norm map of Witt vectors

@ Molokov, Prismatic cohomology and de Rham-Witt forms

@ Devalapurkar-Misterka, Generalized n-series and de Rham
complexes

@ S., Prisms and Tambara functors |

@ Mao, Prismatic logarithm and prismatic Hochschild homology
via norm

@ Bouis-Gazda, The cyclosyntomic regulator of a number field

e S., RO(G)-graded norms for prismatic and de Rham-Witt
forms (in preparation)
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de Rham-Witt norms Witt vectors Witt norms dRW norms

Recollection on Witt vectors

S commutative ring ~~ ring of (p-typical) Witt vectors
W(S) = I|<_m W,(S)

nR

Notation: Wo(S) =S, W,(F,) = Z/p", W(Fp) = Z,.
As a set,

W,,(S) = S*™*1; ring structure such that
fl: Wp(S) — §7

Wo = do
wr = af + par

2
2
wo = ag + pal + par

is a ring map
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de Rham-Witt norms Witt vectors Witt norms d

Operations on Witt vectors

W(S) # W(S)

L, |

W, (S) Ev= W,_1(S)
R

Frobenius, Verschiebung, Restriction

F(wo,...,wp) = (w1,...,w,)
V(W07 ceey Wn—l) = (07PW07 s 7an—1)

R(wo,...,wp) = (wo, ..., Wnh_1)

FV =p
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de Rham-Witt norms Witt vectors W

Operations on Witt vectors (cont.)

F(wo,...,wp) = (w1,...,w,)
V(W07 sy Wn—l) = (07 pwo, . .. 7an—1)
R(wo,...,wp) = (wo, ..., Wsh_1)

Angeltveit: 4 a Norm map
FVx = px

FNx = xP

comes from Tambara structure on THH
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de Rham-Witt norms Witt vectors Witt norms dRW norms

What is the Norm?

FNx = xP

N(wo,...,wp—1) = (2, wg,...,wh )

Definition
A J-structure on a ring A is a function : A — A such that

8(f) = 1 + pi()

is a ring map.

Fact: W(S) is a d-ring, in fact the cofree §-ring on S, with ¢ = F.
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de Rham-Witt norms Witt vectors Witt norms dRW norms

Borger's formula for the Norm

FNx = xP
= Fx — pd(x)
Nx = x — pF~1§(x)
=x — Vi(x)
Determined in ghost coordinates by
FNx = xP
N =id mod V
N(wo, ..., Wn_1) = (wo,w§,...,wp )

Witt coordinates:
(a0, ... an) = N"ag + -+ VEN"kae + -+ V"a,

Expresses that W, (S) is the free Z,-Tambara functor on
StV ¢ CRingB%r [Brun]
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de Rham-Witt norms ctors Witt norms dR

lterates of the Norm (S.)

To study iterates of the Norm, we need more operations!

(f) = fP + pdoq(f) o(f) = P + pb1(f)

G(F) = 7 + por(F)P + p0alF)  &(F7) = 7" + p20s(F)

o"(f) =D pran(FP" H(F7") = 7" + p"0,(f)
k=0

Different perspective:

¢*(f) = o(fP + pba(f))
= P + pi(F)? + p26s(F)

O"(F) = £+ 3P0

k=1
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de Rham-Witt norms N rs Witt norms d

Formula for iterates (S.)

Explicit
N =id— Vb,
N? =id — VO; — V20,
N™ =id = VKO, (f)
k=1
Implicit
id=N + V&

id = N2 + VN§; + V35,
id =" VENTKG,
k=0
“Witt coordinates” decomposition of the identity
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de Rham-Witt norms Witt vectors Witt norms dRW norms

de Rham-Witt complex

S smooth R-algebra ~~ relative de Rham-Witt complex
W.Q’g/R [Langer-Zink]
Focus on the case where R is perfectoid

Using Tambara structure of TR, extend N from W(S) to WQ5S g

This is not how equivariant homotopy theory works!
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de Rham-Witt norms t Nitt norms dRW norms

RO(G)-graded TR

TR" := THH®" is naturally graded on RO(Z/p")

RO(Z/p") =4 RO(Z/p" )

F(a) = res,yf g 0 R(a) = aP" '2/0'2
TR" —— TR" . TR? R, TR1
o= (o) « R(a)

TR 1 Y TRD

ind «

acZ = F(a), Rla) € Z; butind(a) e Z <— a=0
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de Rham-Witt norms Witt vectors Witt norms dRW norms

Ingredients

The canonical filtration on the de Rham-Witt complex is
Filk T W,Q* = ker(W,Q* — W, Q%)
= VK4 dvk
Filk W,Q* = W,Q* for k <0

The Adams operations on the de Rham complex are given by

YR(w e ¥) = Kuw
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de Rham-Witt norms Witt vectors Witt norms dRW norms

de Rham-Witt norms

Theorem (S.)
Let S be formally smooth over a perfectoid ring R. There are norm
maps

N: W% o = Wiia Q% g +Fil' Wo1Q%

satisfying
FNw = wP, N = ¢? mod Fil!

and extending Angeltveit's norm maps for j = 0.

e for j >0, +is @

@ ®(---) is tensoring over W,;1(R) with a free
W, 4+1(R)-module of rank one. Doesn't change +, F, V; but
changes R and multiplicative structure. Roughly says that
N(w) = “w?/P" is divisible by “(Z/p)!"
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de Rham-Witt norms N Witt norms dRW norms

A formula for j > 0

N:Wo o — Wy

LR o Fil' W, 1Q%

S/R

FNw = wP, Nw = )P(w) mod Filt
for j > 0,

@ easy to see this satisfies the identities

@ makes sense because for j > 0, ¥P(w) and wP are canonically
divisible by p

° (QE/R = HH.(S/R) has divided powers since HH(S/R) is an
animated commutative ring)
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de Rham-Witt norms ctors Witt norms dRW norms

nified formula

P

— P(w) — [V(l)w"(;:) - va]
using V/(1)x = VFx,
= ¢P(w) — V [W?—w]
Define
WK (w e W) = Ww Sw) = FYPW) — P
then g

N(w) = PP(w) = Vi(w)
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de Rham-Witt norms Witt vectors Witt norms dRW norms

A unified formula

Can similarly extend d, and 6, to WQ*

k
k| j ar ’j
NE: W,k e — S Fil" W, 027,

r=0

Implicit: “Witt coordinates” decomposition of Adams operations
. k
YP = VINKTS,
r=0

Explicit:

k
N¥(w) = w” =3 VEoi(w)
r=1
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de Rham-Witt norms Witt vectors Witt norms dRW norms

Examples

If w e WQL, then N(w) = (p— V(1))w.

In char p, N(w) = V%)' Not obvious since the factor (p — V(1)) is
partially absorbed by the ideal twist; but still turns out to be true.

Let k be a perfect F-algebra, S = k[x1,y1,...,Xp, ¥p], and

P P
T:de;dy;EWQ% w:de;dy,-GWQép.
j i=1

Then 7P = plw, so N(7) = V(p — 1)lw.
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de Rham-Witt norms Witt vectors Witt norms dRW norms

Strategy

pioneering work on TRy done by Angeltveit-Gerhardt
introduced “homotopy orbits to TR" spectral sequence (HOTRSS)

Tx |(THH®PZ/P'Z) o) ol = TRY

= gave algorithm to compute TR (F;)
as ab. gps.

Need several extensions:
@ compute Mackey + multiplicative structure
@ generalize to perfectoid rings
@ generalize to smooth algebras
@ get closed-form answers
Will use BMS to understand the orbits
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Prismatic Background RO(G)-graded homotopy Results

Prisms

A prism is a pair (A, /) where

@ Ais a d-ring

@ / is an ideal locally gen'd by a non-zero divisor
o Ais (derived) (p, /)-cplt

e pel+¢(l) (“prism condition”)

A prism is
o orientable if | = (¢)
e transversal if A/l is p-torsionfree
every prism admits a surjection from a transversal one

Iy o= 1o(1) 6" (1)
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Prismatic Background RO(G)-graded homotopy Results

Examples

If Ris “quasiregular semiperfectoid” (grsp), its absolute
prismatic cohomology f is a prism with Nygaard filtration

N2 g = (1)
where (1)) := max(i, 0).

Example (Perfect F,-algebras)

Let k be a perfect Fy-algebra. Then , = W(k) with 5: p. We
have I, = p"W(k) and NZ/ = p(Dw(k).

Example (Perfectoid rings)

Let R be a perfectoid ring. Then r = A ¢(R) = Limn FW,,(R),

with orientation gdepending on R. The Nygaard filtration is
N2/ = f((l))Ainf where & = (bil(g)'
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Prismatic Background RO( graded homo

Examples (cont.)

Example (g-de Rham prism)

Let R = Zp[(po]p- Then Ajpe(R) = Zp[ql/Px](Ap’q_l) with € given
by the g-analogue (p)q =1+ g+ ---+ g°~. We have
Ih = (pn)innf and ¢ = (p)ql/p-

Example (A non-perfectoid qrsp ring)

Let S = R[xl/poo]ﬁ/(x) where R is as above. The prismatic
cohomology is a ring of g-divided powers:

veN[1/p]

The Nygaard filtration is N~/ = EBE ), Vj/p
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Prismatic

Mackey structure

Say I = () is oriented

(&) = &P + ps(£)

prism condition <= §(§) a unit

A/l
1 < >¢(§)/6(§)
A/l

Mackey condition FV = p becomes

$(£)/6(¢) = p mod /

extends to Tambara structure [Prisms and Tambara functors I]
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Prismatic Background RO(G)-grac

Breuil-Kisin twists

similarly,
A1} = In/ 17 = ln1 /171 = A/ln1{1}

is divisible by p
transversal approximation = canonically so

A{1} := lim < VP12 Py 12 2P ///2>
im
Heuristically:

o A1} = ®Zy¢'(/)

@ over g-dR prism, A{1} = "(p>)A"
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Prismatic Background RO(G)-graded homotopy Results

BMS filtration

Theorem (Bhatt-Morrow-Scholze)

If R is a qrsp ring, then

TC,(RiZp) = N='" g{i}
TPyi(R; Z,) = r{i}

Lemma (Riggenbach)

We also have

N2i" p{i
7F2iTHH(R;Zp)”Cp" =—— R.{I}
N2+ R{’} “dh—1

N

m THH(R; Z,,)%" = IR{’}
1

n—
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Prismatic ound RO(G)-graded homotopy Results

Equivariant Euler classes

V actual representation

the Euler class
S° 2 sV

is given by suspending the inclusion of the zero subspace

gives a class
ay € WE\/SG
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Prismatic Background RO(G)-graded homotopy Results

Equivariant Euler classes

O M
Properties
eay=0 < VC#£0
o Corollary: if VH #£0, then res,(_;, ay =0
o Corollary: if VH 50, then ay tr&(x) =0
Let
Fy={H< G| V" 0}

then “ay is killed by restriction to Fy, and kills transfers from
g‘v”
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Prismatic Background RO(G)-graded homotopy Results

Polar structure of RO(G)

Claim

The multiplication on RO(G) is a red herring: the notion of
RO(G)-graded homotopy only uses the additive structure.

Rating: PARTIALLY FALSE

3V®n

®
SO — SV oy GV
v ®n

(=)
= ay | ayen. So sees RO(G) as a polar ring: abelian group
with notion of powers, but not full multiplication (Tilman Bauer:

p-polar rings)
Conjecture (S.)

Cotangent cpx for “G-polar rings” (= Mackey functors with norm
maps but not full multiplication) should give q-de Rham complex.
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Prismatic 3ackground RO(G)-graded homotopy Results

Isotropy separation

Let F be a family of subgroups of G (closed under subgroups and
conjugacy)
Universal spaces N

EF, - S°— EF

characterized by

x HedF —~ *x HedF
(Eg)H_{(Z) HeTF (EE)H_{SO He T

5V =lim(S° 2% sV 2% §2V Y, .y =: S[af)]
*)

is a model for E?TF/\/!
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Prismatic Background RO(G)-graded homotopy Results

Isotropy separation = arithmetic square

Isotropy separation square

(EFy)4 A X X EFy A X

| | = |

(EFy)s AN X — X(EFv)y o EE A X(EFv)+

is an arithmetic square

Xa‘\’/o—tors X X [ai]

e

A A [T
Xa\o/o—tors E— Xav E— Xa\/ [av]
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Prismatic 3ackground RO(G)-graded homotopy Results

Thom classes

In many cases, there exist Thom classes
G
which are invertible in the Borel-completion of X.

Riggenbach (K-theory of double points paper): if X € Sp&T is

even, then u$ exists for X

Corollary: if R is grsp, then

TCL(R; Z) = TCz_dimc(a)(R; Z,)
TPo(R: Zp) = TP2dimc(a)(R; Z,)

= TPo(R; Zp)

So...what are we doing?!
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Prismatic Background RO(G)-graded homotopy Results

Canonicity

The Thom classes uy are non-canonical; want canonical
descriptions.

What does “canonical’ mean?

lfa=i4+U—-VwithieZ, U= VC =0, then have a span

mipu(X)
7:(X) Tiry—v(X)

Identify 7, (X) as elements of the span category (in terms of
filtrations + fractional ideals)
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Prismatic Background RO(G)-graded homotopy Results

Canonicity

Hard to distinguish pZ, from Z, in Ab
But

Z, =(Z,)—Z,—1,)
pZp = (Zp——pZp——pZy)

are not isomorphic as spans
We do have

(Zpet—2,—27,) = (Zp—pZ,——pZ,)

but | had to label the map p. ..
There are s000000000 many maps between RO(G)-graded groups!

Key idea

By expressing the answer by tensoring with fractional ideals, all
maps are “the obvious ones".
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Prismatic d RO(G)-graded homotopy R

Canonicity example

Let A be a ring, | C A a principal ideal generated by a
non-zerodivisor

Let A=A/l let A{1} =1/I?, and let M{n} = M @7 (A{1})®"

If we choose a generator | = (f) and resolve A as (A 5 A), then

TOr/14(/_\, M) = Ml—tors EXt,lq(A, M) = M//

But a canonical resolution is (/ — A), giving
Tora(A, M) = Misors{1}  Exta(A M)=M/I{-1}

Important in Mao’s prismatic logarithm paper
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Prismatic Background RO(G)-graded homotopy Results

Calculations

Fix a grsp ring R and abbreviate TC™ = TC™(R; Z,,) etc. Write A
for the obvious representation of T, and A, = 2P A = A\
Key tool: cell structure

T/Cor — S? — S

_ ax, _ hCon
0 TC5,y TC;, THH'™ 0
i Sit1 g > HA Nzi”
i NISE >i% g
0 N i) N s 0
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Prismatic Background RO(G)-graded homotopy Results

Calculations (cont.)

0——TCy — " TCy; , —— THHZ(C,.‘fl) — 0
kA S ‘ ; NZi-1"

0—— N2 {i} —=INZ 1 oL — 0
: In—lNZI

for k < n:

a,\k _ hC k
—An » TGy, ’ THH2(ip—1) >0

: T A N1 1}
0= @ITT@NZ {j}is [ZINZ-17 ) —
e, i =0 W= e ioy

0———TChyy,

— 0.
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Prismatic Background RO(G)-graded homotopy Results

Result

Theorem (S.)

Let R be a qrsp ring with associated prism, and let

a= koo + -+ knAp + koo Ao

be a virtual Cye-representation. Set d; = dim¢ o
Then there are canonical identifications

TCL(R; Z,) = (H, LI ) N2 ™ ol
TPa(RiZp) = (17 1) "rlkeo}
If we set 1 = @52, ' ()% , then
TCL(R:Z,) =N2%"p @ 1¥  TP.(R;Zy))= r® I
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Prismatic Background RO(G)-graded homotopy Results

Even filtration

More generally, let E € CAlgBT be even. Write A{i} := mp, ET
with filtration Fil* A{i} coming from the Tate SS.

Lemma (Antieau-Riggenbach)

Let [n]g(t) € m_2E"T = A{—1} be the n-series of the FGL of E,
and (n)g = [nle/[l]lc € A.

T EM = Fil' A{i} i ETT = A{i}
moi EMCr = —F“I.'A{li} , mai B = A :
(n)g Fil"™ A{i} (me A{i}

Write [n]g(t) = [ 14}, ®d,6(t) (= cyclotomic polynomials for E;m)
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Prismatic Background RO(G)-graded homotopy Results

Even filtration (cont.)

Theorem (S.)

Let «v be a virtual complex T-representation with irreducible
decomposition o = Z?io kiA' and dimension sequence
dp = dimec o, dog = dimc aT.

Then EST and ELT are given canonically by

EJT = Fil"" A{ko} ®a R)((n)g A)**
n>1

= Fil" A@a R)(PncA)"
n>1

ELT = Afko} ®a (R)((n)g A)®*"
n>1

= ®(¢n7GA)®d"

n>1
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Prismatic Background RO(G)-graded homotopy Results

Higher topological negative cyclic homology

This is very elegant... but also very boring.
We need to go more genuine!
Set TC~1 = (TR)"T/%, equivalently

TC! ——TC™
=]
©
TC™ —55— TP
Equivariantly:

TC™*" = THH"T
TC™¥ = (THH®%)"T/%
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TRy

Hesselholt's theorem

R perfectoid ring, £ = ¢—1(g), Eni=Ep1(E)--- ¢ (T D(g)
g-de Rham prism: € = (p) /o, &0 = (P")qusr

Let A= Ajut(R), then A/&n =2 W,_1(R).

Theorem (Hesselholt)

Let S be formally smooth over a perfectoid ring R. Then

TRI(S; Z,) = WaQ glo]

with F(x) = ¢(x), V(x) = €67 (x), R(on) = ¢~ "(§)on-1.

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms



TRy

Reformulating Hesselholt's theorem

Let TRy ; = WS contribution to TRO4;

To understand R(c,) = ¢~ "(§)o :
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TRy

Cartier isomorphism

Say R =Zp[(pe]p, S = R[Xi];;\
Then s is a g-de Rham complex

—

D (A (x™ Y% A (x" dlogx>)

neZ
with Vg(x") = (n)gx" dlog x

(s/8)= @A/g (xP")

<— AJE(X")
( s/€)= @A/g (xP" dlog x)

& A/ (x" diog x) @ (€71}
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HOTRSS

If « € RO(Z/p"), set d; = dimc aP'Z/P"Z.
HOTRSS: https://ysulyma.github.io/papers/poly/
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TRy

Theorem (Contiguous range of TRy )

Let a = (dy,...,d,) € RO(Z/p") which is contiguous: 3 k < /¢
such that d; > 0 <— k << /.
If S is smooth over a perfect F,-algebra k, then

TRY (S) = Filk— (&t W,0f @ {plot+de}
n W1,
TRg—lJ(S) = m & {pgo"' +4(k71)}

If S is formally smooth over a p-torsionfree perfectoid ring R,

l
TR} (S: Zp) = Filk W% . ® Q){o ()}
i=0
Wk—IQj k—1

TRa-1,(51Zp) = ok (€)dx - .SQZTZ(QQZ ® ®{¢7'—(f)}g"

i=
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Thank you!
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Post-credits
Prismatic norms

The prismatic norms on THH(qrsp; Zp){h’t}cp' are extremely
complicated; here is a preview of what is known about them.

Ind$P(C) = (p)x = A%+ AL+ -+ AP 12 (p— 1)Ag + Aao

but this identification messes up the Mackey structure!
R perfectoid —

po(€)

¢A N/W@)A\ H(6)A
2

€24

§PA

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms



Post-credits

Breuil-Kisin norms

Wilson's theorem:
(p—1)'=—-1modp

Definition (Prismatic Wilson constants)

For a prism (A, 1), there is a unique functorial unit
Wil; € A/I¢(1) such that

Wil = (p—1)! mod/
N mod ¢(/)

With R perfectoid, we have

NS (e) = —_E9E)
61 (Wil )a(¢)
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Post-credits

More generally, we have the following very mysterious formula.

Definition
An element ¢ € N2 is diffractive if 5(¢) =1 mod N=P 5. We
set € = §(€)/5(¢) and 7% = o(F) — ED(F).

Theorem
Let S be grsp, let £ € N=1 s be diffractive. Then the norm

L N2TR NZP(p) 1" . NZP p@I
01 352~ ' ~oprl
N=22 ¢ N=zptlf

is given by

No.(f)

(€= pa(f) + ]
= [&F° + (- p)F
[—ov2(F) + Elo(F) + £5)]
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