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Introduction

deep connection between p-adic cohomology and THH
(Hesselholt-Madsen, Bhatt-Morrow-Scholze, many others)

for most of human history: THH studied via genuine equivariant
homotopy theory

Nikolaus-Scholze 2017: reformulate cyclotomic spectra in terms of
naive homotopy theory

my research programme: put genuine equivariance back in
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Why genuine equivariance?

π∗X
G → π∗X

hG

is generally a kind of decompletion ; used for this purpose in
upcoming work of Devalapurkar-Hahn-Raksit-Yuan

But, we can do much more.

RO(G )-graded homotopy

Tambara functors (multiplicative norm maps)

equivariant slice filtration (after Hill-Hopkins-Ravenel)

overarching goal since 2018: modify Bhatt-Morrow-Scholze
construction to use slice filtration on TC− and TP instead of
Postnikov filtration

this is now doable!
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Goals today

compute TC−⋆(S ;Zp) and TP⋆(S ;Zp) when S is quasiregular
semiperfectoid

compute (a large portion of) TRn
⋆(S ;Zp) when S is smooth

over a perfectoid ring

main application: extend Angeltveit’s norm map of Witt
vectors to the de Rham-Witt complex

General takeaways

canonical identifications instead of generators and relations

index representations by {dimαH}H≤G instead of their
irreducible decomposition

negative indexing to avoid casework

spectral sequence π⋆((X
ΦH)hG/H)⇒ π⋆X

G
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Related papers

Angeltveit, The norm map of Witt vectors

Molokov, Prismatic cohomology and de Rham-Witt forms

Devalapurkar-Misterka, Generalized n-series and de Rham
complexes

˜
S., Prisms and Tambara functors I

Mao, Prismatic logarithm and prismatic Hochschild homology
via norm

Bouis-Gazda, The cyclosyntomic regulator of a number field

˜
S., RO(G )-graded norms for prismatic and de Rham-Witt
forms (in preparation)
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Recollection on Witt vectors

S commutative ring ⇝ ring of (p-typical) Witt vectors

W(S) = lim
←−
n,R

Wn(S)

Notation: W0(S) = S , Wn(Fp) = Z/pn+1, W(Fp) = Zp. Later will
be convenient to set Wn(S) = 0 for n < 0. As a set,

Wn(S) = S×n+1; ring structure such that

: Wn(S)→ S×n+1

w0 = a0

w1 = ap0 + pa1

w2 = ap
2

0 + pap1 + p2a2

. . .

is a ring map
Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Operations on Witt vectors

W(S)
F //

����

W(S)
V

oo

����

Wn(S)
F //

R
//Wn−1(S)Voo

F robenius, V erschiebung, Restriction

F (w0, . . . ,wn) = (w1, . . . ,wn)

V (w0, . . . ,wn−1) = (0, pw0, . . . , pwn−1)

R(w0, . . . ,wn) = (w0, . . . ,wn−1)

FV = p
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Operations on Witt vectors (cont.)

W(S)
F //

����

W(S)
V

oo

N

jj

����

Wn(S)
F //

R
//Wn−1(S)Voo

N

dd

F (w0, . . . ,wn) = (w1, . . . ,wn)

V (w0, . . . ,wn−1) = (0, pw0, . . . , pwn−1)

R(w0, . . . ,wn) = (w0, . . . ,wn−1)

Angeltveit: ∃ a Norm map
FVx = px

FNx = xp

comes from Tambara structure on THH
Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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What is the Norm?

FNx = xp

N(w0, . . . ,wn−1) = (?,wp
0 , . . . ,w

p
n−1)

Definition

A δ-structure on a ring A is a function δ : A→ A such that

ϕ(f ) = f p + pδ(f )

is a ring map.

Fact: W(S) is a δ-ring, in fact the cofree δ-ring on S , with ϕ = F .
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Borger’s formula for the Norm

FNx = xp

= Fx − pδ(x)

Nx = x − pF−1δ(x)

= x − V δ(x)

Determined in ghost coordinates by

FNx = xp

N ≡ id mod V

N(w0, . . . ,wn−1) = (w0,w
p
0 , . . . ,w

p
n−1)

Witt coordinates:

(a0, . . . , an) = Nna0 + · · ·+ V kNn−kak + · · ·+ V nan

Expresses that W•(S) is the free Zp-Tambara functor on
S triv ∈ CRingBZp [Brun]
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Iterates of the Norm (S.)

To study iterates of the Norm, we need more operations!

ϕ(f ) = f p + pδ1(f ) ϕ(f ) = f p + pθ1(f )

ϕ2(f ) = f p
2
+ pδ1(f )

p + p2δ2(f ) ϕ(f p) = f p
2
+ p2θ2(f )

ϕn(f ) =
n∑

k=0

pkδk(f )
pn−k

ϕ(f p
n−1

) = f p
n
+ pnθn(f )

Different perspective:

ϕ2(f ) = ϕ(f p + pθ1(f ))

= f p
2
+ pθ1(f )

ϕ + p2θ2(f )

ϕn(f ) = f p
n
+

n∑
k=1

pkθk(f )
ϕn−k

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms



Intro de Rham-Witt norms Prismatic TR⋆ Post-credits Witt vectors Witt norms dRW norms

Formula for iterates (S.)

Explicit

N = id− V θ1

N2 = id− V θ1 − V 2θ2

Nn = id−
n∑

k=1

V kθk(f )

Implicit

id = Nδ0 + V δ1

id = N2δ0 + VNδ1 + V 2δ2

id =
n∑

k=0

V kNn−kδk

“Witt coordinates” decomposition of the identity

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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de Rham-Witt complex

S smooth R-algebra ⇝ relative de Rham-Witt complex
W•Ω

∗
S/R [Langer-Zink]

Focus on the case where R is perfectoid (probably not necessary,
but easiest to relate to topology).
technically W•Ω

∗
Spf S/ Spf R := lim

←−
n

W•Ω
∗
(S/pn)/(R/pn)

Goal

Using Tambara structure of TR, extend N from W(S) to WΩ∗S/R .

Problem

This is not how equivariant homotopy theory works!

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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RO(G )-graded TR

TRn := THHCpn is naturally graded on RO(Z/pn)

RO(Z/pn)
F //

R
// RO(Z/pn−1)

F (α) = res
Z/pn

pZ/pnZ α R(α) = αpn−1Z/pnZ

TRn
α

F // TRn−1
F (α)

V
oo TRn

α
R // TRn−1

R(α)

(so TR graded on RO(Zp)
∧ := lim

←−
n,R

RO(Z/pn))

TRn−1
α

N−→TRn
indα

α ∈ Z =⇒ F (α), R(α) ∈ Z; but ind(α) ∈ Z ⇐⇒ α = 0

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Ingredients

Definition

The canonical filtration on the de Rham-Witt complex is

Filk+1WnΩ
∗ = ker(WnΩ

∗ ↠WkΩ
∗)

= V k + dV k

Filk WnΩ
∗ = WnΩ

∗ for k ≤ 0

Definition

The Adams operations on the de Rham complex are given by

ψk(ω ∈ Ωj) = k jω

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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de Rham-Witt norms

Theorem (S.)

Let S be formally smooth over a perfectoid ring R. There are norm
maps

N : WnΩ
j
S/R →Wn+1Ω

j
S/R ⊗ (· · · ) + Fil1Wn+1Ω

pj
S/R ⊗ (· · · )

satisfying
FNω = ωp, N ≡ ψp mod Fil1

and extending Angeltveit’s norm maps for j = 0.

for j > 0, + is ⊕
⊗ (· · · ) is tensoring over Wn+1(R) with a free
Wn+1(R)-module of rank one. Doesn’t change +,F ,V ; but
changes R and multiplicative structure. Roughly says that
N(ω) = “ωZ/p” is divisible by “(Z/p)!”

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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A formula for j > 0

N : WnΩ
j
S/R →Wn+1Ω

j
S/R + Fil1Wn+1Ω

pj
S/R

FNω = ωp, Nω ≡ ψp(ω) mod Fil1

for j > 0,

N(ω) = (p − V (1))
ψp(ω)

p
+ V

ωp

p

easy to see this satisfies the identities

makes sense because for j > 0, ψp(ω) and ωp are canonically
divisible by p

(Ω∗S/R = HH∗(S/R) has divided powers since HH(S/R) is an

animated commutative ring)

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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A unified formula

N(ω) = (p − V (1))
ψp(ω)

p
+ V

ωp

p

= ψp(ω)−
[
V (1)ψp(ω)− Vωp

p

]
using V (1)x = VFx ,

= ψp(ω)− V

[
Fψp(ω)− ωp

p

]
Define

ψk(ω ∈WΩj) = k jω δ(ω) =
Fψp(ω)− ωp

p

then
N(ω) = ψp(ω)− V δ(ω)
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A unified formula

Can similarly extend δk and θk to WΩ∗

Nk : WnΩ
j
S/R →

k∑
r=0

Filr Wn+kΩ
pr j
S/R ⊗ (· · · )

Implicit: “Witt coordinates” decomposition of Adams operations

ψpk =
k∑

r=0

V rNk−rδr

Explicit:

Nk(ω) = ωpk −
k∑

r=1

V kθk(ω)
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Examples

Example

If ω ∈WΩ1, then N(ω) = (p − V (1))ω.

Example

In char p, N(ω) = V ωp

p . Not obvious since the factor (p−V (1)) is
partially absorbed by the ideal twist; but still turns out to be true.

Example

Let k be a perfect Fp-algebra, S = k[x1, y1, . . . , xp, yp], and

τ =

p∑
i=1

dxi dyi ∈WΩ2
S ω =

p∏
i=1

dxi dyi ∈WΩ2p
S .

Then τp = p!ω, so N(τ) = V (p − 1)!ω.

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Strategy

pioneering work on TR⋆ done by Angeltveit-Gerhardt
introduced “homotopy orbits to TR” spectral sequence (HOTRSS)

π⋆

[
(THHΦpsZ/pnZ)hZ/ps

]
⇒ TRn

⋆

⇒ gave algorithm to compute TRn
⋆(Fp) (and also TRn

⋆(Z;Fp)
and TRn

⋆(ℓ;V (1))) as ab. gps.

Need several extensions:

compute Mackey + multiplicative structure

generalize to perfectoid rings

generalize to smooth algebras

get closed-form answers

Will use BMS to understand the orbits

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Prisms

Definition

A prism is a pair (A, I ) where

A is a δ-ring

I is an ideal locally gen’d by a non-zero divisor

A is (derived) (p, I )-cplt

p ∈ I + ϕ(I ) (“prism condition”)

A prism is

orientable if I = (ξ̃) (safe to always assume)

transversal if A/I is p-torsionfree

every prism admits a surjection from a transversal one

In := Iϕ(I ) · · ·ϕn−1(I )

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Examples

If R is “quasiregular semiperfectoid” (qrsp), its absolute
prismatic cohomology ∆R is a prism with Nygaard filtration

N≥i∆R = ϕ−1(I ((i)))

where ((i)) := max(i , 0).

Example (Perfect Fp-algebras)

Let k be a perfect Fp-algebra. Then ∆k = W(k) with ξ̃ = p. We
have In = pnW(k) and N≥i = p((i))W(k).

Example (Perfectoid rings)

Let R be a perfectoid ring. Then ∆R = Ainf(R) := lim←−n,F
Wn(R),

with orientation ξ̃ depending on R. The Nygaard filtration is
N≥i = ξ((i))Ainf where ξ = ϕ−1(ξ̃).

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Examples (cont.)

Example (q-de Rham prism)

Let R = Zp[ζp∞ ]∧p . Then Ainf(R) = Zp[q
1/p∞ ]∧(p,q−1) with ξ̃ given

by the q-analogue (p)q = 1 + q + · · ·+ qp−1. We have
In = (pn)qAinf and ξ = (p)q1/p .

Example (A non-perfectoid qrsp ring)

Let S = R[x1/p
∞
]∧p /(x) where R is as above. The prismatic

cohomology is a ring of q-divided powers:

∆S =
⊕̂

ν∈N[1/p]

xν/p

⌊ν⌋q!

The Nygaard filtration is N≥i =
⊕̂
ν
ξ((i−⌊ν⌋)) xν/p

⌊ν⌋q!
.

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Mackey structure

Say I = (ξ̃) is oriented

ϕ(ξ̃) = ξ̃p + pδ(ξ̃)

prism condition ⇐⇒ δ(ξ̃) a unit

A/I2

1
��

A/I

ϕ(ξ)/δ(ξ)

YY

Mackey condition FV = p becomes

ϕ(ξ̃)/δ(ξ̃) ≡ p mod I

extends to Tambara structure [Prisms and Tambara functors I]

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Breuil-Kisin twists

similarly,

A/In{1} = In/I
2
n → In−1/I

2
n−1 = A/In−1{1}

is divisible by p
transversal approximation ⇒ canonically so

A{1} := lim
←−

(
· · ·

1/p
// // I3/I

2
3

1/p
// // I2/I

2
2

1/p
// // I/I 2

)
Heuristically:

A{1} =
⊗∞

i=0 ϕ
i (I )

over q-dR prism, A{1} = “(p∞)qA”

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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BMS filtration

Theorem (Bhatt-Morrow-Scholze)

If R is a qrsp ring, then

TC−2i (R;Zp) = N≥i ∆̂R{i}

TP2i (R;Zp) = ∆̂R{i}

Lemma (Riggenbach)

We also have

π2iTHH(R;Zp)
hCpn =

N≥i ∆̂R{i}
N≥i+1∆̂R{i} · In−1

π2iTHH(R;Zp)
tCpn =

∆̂R{i}
In−1

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Equivariant Euler classes

V actual representation

the Euler class
S0 aV−→ SV

is given by suspending the inclusion of the zero subspace

gives a class
aV ∈ πG−VSG

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Equivariant Euler classes

S0 aV−→ SV

Properties

aV = 0 ⇐⇒ V G ̸= 0

Corollary: if VH ̸= 0, then resGH aV = 0

Corollary: if VH ̸= 0, then aV trGH(x) = 0

Let
FV = {H ≤ G | VH ̸= 0}

then “aV is killed by restriction to FV , and kills transfers from
FV ”

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Polar structure of RO(G )

Claim

The multiplication on RO(G ) is a red herring: the notion of
RO(G )-graded homotopy only uses the additive structure.

Rating: PARTIALLY FALSE

S0
aV
//

aV⊗n

$$

SV

(−)⊗n
// SV⊗n

=⇒ aV | aV⊗n . So sees RO(G ) as a polar ring: abelian group
with notion of powers, but not full multiplication (Tilman Bauer:
p-polar rings)

Conjecture (S.)

Cotangent cpx for “G-polar rings” (= Mackey functors with norm
maps but not full multiplication) should give q-de Rham complex.

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Isotropy separation

Let F be a family of subgroups of G (closed under subgroups and
conjugacy)
Universal spaces

EF+ → S0 → ẼF

characterized by

(EF)H =

{
∗ H ∈ F

∅ H /∈ F
(ẼF)H =

{
∗ H ∈ F

S0 H /∈ F

S∞V = lim
−→

(S0 aV−→ SV aV−→ S2V aV−→ · · · ) =: S [a±V ]

is a model for ẼFV !

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Isotropy separation = arithmetic square

Isotropy separation square

(EFV )+ ∧ X // X //

��

□

ẼFV ∧ X

��

(EFV )+ ∧ X // X (EFV )+ // ẼFV ∧ X (EFV )+

is an arithmetic square

Xa∞V -tors
// X //

��

□

X [a±V ]

��

Xa∞V -tors
// X∧aV

// X∧aV [a
±
V ]

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Thom classes

In many cases, there exist Thom classes

uV ∈ πG|V |−VX

which are invertible in the Borel-completion of X .

Riggenbach (K -theory of double points paper): if X ∈ SpBT is
even, then u±V exists for X

Corollary: if R is qrsp, then

TC−α (R;Zp) ∼= TC−2 dimC(α)
(R;Zp)

TPα(R;Zp) ∼= TP2 dimC(α)(R;Zp)

∼= TP0(R;Zp)

So. . . what are we doing?!

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Canonicity

The Thom classes uV are non-canonical; want canonical
descriptions.

What does “canonical” mean?

If α = i + U − V with i ∈ Z, UG = V G = 0, then have a span

πi+U(X )

aU

yy

aV

&&

πi (X ) πi+U−V (X )

Identify π⋆(X ) as elements of the span category (in terms of
filtrations + fractional ideals)

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Canonicity

Hard to distinguish pZp from Zp in Ab
But

Zp := (Zp Zp Zp )

pZp := (Zp pZp
oo pZp )

are not isomorphic as spans
We do have

(Zp Zp
p
oo Zp ) ∼= (Zp pZp

oo pZp )

but I had to label the map p. . .
There are sooooooooo many maps between RO(G )-graded groups!

Key idea

By expressing the answer by tensoring with fractional ideals, all
maps are “the obvious ones”.

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Canonicity example

Let A be a ring, I ⊂ A a principal ideal generated by a
non-zerodivisor

Let Ā = A/I , let Ā{1} = I/I 2, and let M{n} = M ⊗Ā (Ā{1})⊗n
for any Ā-module M

If we choose a generator I = (f ) and resolve Ā as (A
f−→ A), then

Tor1A(Ā,M)∼=MI -tors Ext1A(Ā,M)∼=M/I

But a canonical resolution is (I → A), giving

Tor1A(Ā,M) =MI -tors{1} Ext1A(Ā,M) =M/I{−1}

Important in Mao’s prismatic logarithm paper

Yuri Sulyma RO(G)-graded norms for de Rham-Witt forms
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Calculations

Fix a qrsp ring R and abbreviate TC− = TC−(R;Zp) etc. Write λ
for the obvious representation of T, and λn = λp

n
, λ∞ = λ0.

Key tool: cell structure

T/Cpn → S0 → Sλn

0 // TC−λ+2i

aλn // TC−2i
// THH

hCpn

2i
// 0

0 // In−1N
≥i+1∆̂{i} // N≥i ∆̂{i} //

N≥i ∆̂

In−1N≥i+1∆̂
// 0
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Calculations (cont.)

0 // TC−2i
aλn // TC−2i−λn

// THH
hCpn

2(i−1)
// 0

0 // N≥i ∆̂{i} // N≥i−1∆̂{i} ⊗ I−1n−1
//
N≥i−1∆̂

In−1N≥i ∆̂
// 0

for k ≤ n:

0 // TC−2i+λk−λn

aλk // TC−2i−λn
// THH

hC
pk

2(i−1)
// 0

0 // Ik ⊗ I−1n ⊗N≥i ∆̂{i} // I−1n N≥i−1∆̂{i} //
N≥i−1∆̂{i − 1}
Ik ⊗N≥i ∆̂{i − 1}

// 0.
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Result

Theorem (S.)

Let R be a qrsp ring with associated prism, and let

α = k0λ0 + · · ·+ knλn + k∞λ∞

be a virtual Cp∞-representation. Set di = dimC α
C
pi .

Then there are canonical identifications

TC−α (R;Zp) =
(∏n

i=1 I
ki
i

)
N≥d0∆̂R{k∞}

TPα(R;Zp) =
(∏n

i=1 I
ki
i

)
∆̂R{k∞}

If we set Iα =
⊗∞

i=0 ϕ
i (I )di and view ∆̂R{1} =:

⊗∞
i=0 ϕ

i (I ), then

TC−α (R;Zp) = N≥d0∆̂R ⊗ Iα
′

TPα(R;Zp) = ∆̂R ⊗ Iα
′
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Even filtration

More generally, let E ∈ CAlgBT be even. Write A{i} := π2iE
tT

with filtration Fil• A{i} coming from the Tate SS.

Lemma (Antieau-Riggenbach)

Let [n]G(t) ∈ π−2EhT = A{−1} be the n-series of the FGL of E ,
and ⟨n⟩G = [n]G/[1]G ∈ A.

π2iE
hT = Fili A{i} π2iE

tT = A{i}

π2iE
hCn =

Fili A{i}
⟨n⟩G Fili+1 A{i}

π2iE
tCn =

A{i}
⟨n⟩G A{i}

Write [n]G(t) =
∏

d |n Φd ,G(t) (= cyclotomic polynomials for Ĝm).
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Even filtration (cont.)

Theorem (S.)

Let α be a virtual complex T-representation with irreducible
decomposition α =

∑∞
i=0 kiλ

i and dimension sequence
dn = dimC α

Cn , d∞ = dimC α
T.

Then EhT
⋆ and E tT

⋆ are given canonically by

EhT
α = Fild1 A{k0} ⊗A

⊗
n>1

(⟨n⟩G A)⊗kn

= Fild1 A⊗A

⊗
n>1

(Φn,GA)
⊗dn

E tT
α = A{k0} ⊗A

⊗
n>1

(⟨n⟩G A)⊗kn

=
⊗
n>1

(Φn,GA)
⊗dn
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Higher topological negative cyclic homology

This is very elegant. . . but also very boring.
We need to go more genuine!
Set TC−1 = (TR1)hT/Cp , equivalently

TC−1 //

��

⌟ TC−

φ

��

TC− can
// TP

Equivariantly:

TC−,can = THHhT

TC−,φ = (THHΦCp)hT/Cp
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Hesselholt’s theorem

R perfectoid ring, ξ = ϕ−1(ξ̃), ξn := ξϕ−1(ξ) · · ·ϕ−(n−1)(ξ)
q-de Rham prism: ξ = (p)q1/p , ξn = (pn)q1/pn

Let A = Ainf(R), then A/ξn ∼= Wn−1(R).

Theorem (Hesselholt)

Let S be formally smooth over a perfectoid ring R. Then

TRn
∗(S ;Zp) = WnΩ

∗
S/R [σn]

with F (x) = ϕ(x), V (x) = ξϕ−1(x), R(σn) = ϕ−n(ξ)σn−1.
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Reformulating Hesselholt’s theorem

Let TRn
α,j = WΩj contribution to TRn

α+j

TRn
∗(S ;Zp) = WnΩ

∗
S/R [σn]

TRn
2i ,j = WnΩ

j
S/R · σ

i
n

To understand R(σn) = ϕ−n(ξ)σ :

= WnΩ
j
S/R ⊗ ξn+1
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Cartier isomorphism

Say R = Zp[ζp∞ ]∧p , S = R[x±]∧p
Then ∆S is a q-de Rham complex⊕̂

n∈Z

(
A ⟨xn⟩ ∇q−→A ⟨xn dlog x⟩

)
with ∇q(x

n) = (n)qx
n dlog x

H0(∆S/ξ̃) =
⊕
n

A/ξ̃ ⟨xpn⟩

ϕ←−
∼

A/ξ ⟨xn⟩

H1(∆S/ξ̃) =
⊕
n

A/ ξ ⟨xpn dlog x⟩

ϕ←−
∼

A/ξ ⟨xn dlog x⟩ ⊗ {ξ−1}
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HOTRSS

If α ∈ RO(Z/pn), set d i = dimC α
piZ/pnZ.

HOTRSS: https://ysulyma.github.io/papers/poly/
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Theorem (Contiguous range of TR⋆)

Let α = (d0, . . . , dn) ∈ RO(Z/pn) which is contiguous: ∃ k ≤ ℓ
such that d i ≥ 0 ⇐⇒ k ≤ i ≤ ℓ.
If S is smooth over a perfect Fp-algebra k, then

TRn
α,j(S) = Filk−(dk+···+dℓ)WℓΩ

j
S ⊗ {p

d0+···+dℓ}

TRn
α−1,j(S) =

Wk−1Ω
j
S

pdk+···+dℓ
⊗ {pd0+···+d (k−1)}

If S is formally smooth over a p-torsionfree perfectoid ring R+,

TRn
α,j(S ;Zp) = Filk WℓΩ

j
S/R+ ⊗

ℓ⊗
i=0

{ϕ−i (ξ)}d i

TRn
α−1,j(S ;Zp) =

Wk−1Ω
j
S/R+

ϕ−k(ξ)dk · · ·ϕ−ℓ(ξ)dℓ
⊗

k−1⊗
i=0

{ϕ−i (ξ)}d i
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Thank you!
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Prismatic norms

The prismatic norms on THH(qrsp;Zp)
{h,t}Cp• are extremely

complicated; here is a preview of what is known about them.

Ind
Cp
e (C) = (p)λ = λ0 + λ1 + · · ·+ λp−1 ∼= (p − 1)λ0 + λ∞

but this identification messes up the Mackey structure!
R perfectoid =⇒

ξA

ξ2A
N //

3

pϕ(ξ)

&&

�

ξp
""

ξpϕ(ξ)A

ξp+1ϕ(ξ)2A
//

(p−1)!
p

��

ϕ(ξ)A

ϕ(ξ)2A

ξpA

ξp+1A
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Breuil-Kisin norms

Wilson’s theorem:
(p − 1)! ≡ −1 mod p

Definition (Prismatic Wilson constants)

For a prism (A, I ), there is a unique functorial unit

Wil∆1 ∈ A/Iϕ(I ) such that

Wil∆1 ≡

{
(p − 1)! mod I

−1 mod ϕ(I )

Proposition

With R perfectoid, we have

N
Cp
e (ξ) =

ξpϕ(ξ)

ϕ−1(Wil∆1 )δ(ξ)
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More generally, we have the following very mysterious formula.

Definition

An element ξ ∈ N≥1∆S is diffractive if δ(ξ) ≡ 1 mod N≥p∆S . We

set ξ̃ := ϕ(ξ)/δ(ξ) and f ξ̃ := ϕ(f )− ξ̃δ(f ).

Theorem

Let S be qrsp, let ξ ∈ N≥1∆S be diffractive. Then the norm

N1
0,1 :

N≥1∆̂R

N≥2∆̂R

−→
N≥p(p)∆!∆̂R

N≥p+1I (p)∆!∆̂R

∼=
N≥p∆̂R ⊗ I

N≥p+1∆̂R ⊗ I 2

is given by

ϕ−1
(
Wil∆1

)
N1
0,1(f ) =

[
(ξ̃ − p)ϕ(f ) + ξ̃f ξ̃

]
=

[
ξ̃f p + (ξ̃ − p)f ξ̃

]
=

[
−ϕψp(f ) + ξ̃(ϕ(f ) + f ξ̃)

]
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